A dynamic model of gear transmission system of wind turbine is built with consideration of randomness of loads and parameters. The dynamic response of the system is obtained using the theory of random sampling and the Runge-Kutta method. According to rain flow counting principle, the dynamic meshing forces are converted into a series of luffing fatigue load spectra. The amplitude and frequency of the equivalent stress are obtained using equivalent method of Geber quadratic curve. Moreover, the dynamic reliability model of components and system is built according to the theory of probability of cumulative fatigue damage. The system reliability with the random variation of parameters is calculated and the influence of random parameters on dynamic reliability of components is analyzed. In the end, the results of the proposed method are compared with that of Monte Carlo method. This paper can be instrumental in the design of wind turbine gear transmission system with more advantageous dynamic reliability.
Introduction
Wind turbine generators usually work in a severe environment and suffer from the impact of random wind with varying directions and varying loads, as well as the strong gust, year after year. As a vital part of the transmission system of a wind turbine generator, the gear transmission system needs to withstand random dynamic loads and much higher fatigue cycles than any other transmission systems, thus making it possess the highest failure rate [1] . However, results of the general design and evaluation method of the gear transmission system, in which the random wind load is processed roughly as static load using statistic method, are not satisfied in solving the high failure rate problem of gear transmission system, which is a fundamental fact to restrict the life span of the whole wind turbine generator.
Many scholars worldwide have done many deep researches on the random vibration and dynamic reliability of random construction caused by random excitations [2] [3] [4] [5] [6] [7] . However, their researches are relatively simple in choosing research objects, which can hardly conduct the design of dynamic reliability of gear transmission system. Recently, the dynamic issue of gear transmission system of wind turbine generator attracts more and more attention.
Peeters [8] and his fellows built the flexible multibody dynamics model of a wind turbine transmission system by applying multibody dynamics software and studied the natural frequency and vibration mode of the system. Caichao et al. [9] built the nonlinear dynamics model of wind turbine gearbox and analyzed the dynamic characteristic. Qin et al. [10, 11] studied the dynamic characteristic of the wind turbine transmission system with the dynamic torque input caused by simulated natural wind data. However, these studies did not consider the randomness of external loads, the uncertainty of gear transmission system material, and the geometric parameters. Nor did they analyze the dynamic reliability of the system. In actual wind farm, due to the fierce work environment and the uncertainty during the processing and assembly of the gears, the external excitations and the parameters of the gear transmission system are all random.
Mathematical Problems in Engineering
So it is of great practical significance to develop a method to analyze the dynamic characteristics and the reliability under random wind conditions.
In this paper, we studied the gear transmission system of a 1.5 MW wind turbine. Elastic modulus, mass density, working tooth width, pitch circle diameter, and comprehensive transmission error were taken as random variables. The dynamic meshing force of gears was obtained by using the theory of random sampling and the Runge-Kutta method, taking into consideration the influence of external random load. On this basis, statistical processing of dynamic meshing force was done using rain flow counting principle and equivalent method of Geber quadratic curve. Dynamic reliability of components and the whole system were calculated according to the theory of probability of cumulative fatigue damage. In the end, the variation of the system dynamic reliability over time under variable parameters was studied. The effect of this variation to the system dynamic reliability was analyzed, and the results were compared with those of Monte Carlo method.
Dynamic Model of Gear Transmission System

Dynamic Model of Gear Transmission
System. This paper studies the gear transmission system of a 1.5 MW wind turbine generator, which contains one level of NGW planetary gear and two levels of parallel shaft gear. The structure diagram is shown in Figure 1 . Torsional vibration model of gear transmission system is built using centralized parameter method, as is shown in Figure 2 . Variation of meshing stiffness, comprehensive transmission error, and other factors are taken into consideration in this model. The planetary gears are assumed to be uniformly distributed and have the same physical and geometrical parameters.
In Figure 2 , , , , ( = 1, 2, 3, = 1, 2, 3, 4) represent the torsion displacement of planet carrier, sun gear, planetary gears, and medium and high speed level gears, respectively; , represent the meshing stiffness of sun gear and planetary gear and the meshing stiffness of annular gear and planetary gear , respectively; 1 represents the torsional stiffness of the connecting shaft between the sun gear and gear 1; 23 represents the torsional stiffness of the connecting shaft between gear 2 and gear 3; 12 , 34 represent the meshing stiffness of the medium speed gears and the high speed gears; , represent the meshing damping of sun gear, annular gear, and planetary gear ; 1 represents the torsional damper of connecting shaft between the sun gear and gear 1; 23 represents the torsional damper of connecting shaft between gear 2 and gear 3; 12 , 34 represent the meshing damping of the medium speed level gears and the high speed level gears; , represent the transmission error of sun gear, annular gear, and planetary gear ; 12 , 34 represent the comprehensive transmission error of the medium speed and high speed level gears.
In the gear transmission system, the meshing of the gear pair and the gear meshing force and meshing displacement are all happening in the direction of the meshing line. In order to simplify the following analysis and calculation on the torsional vibration system, we replace the generalized coordinates in form of gear angular displacement with the ones in form of line displacement along the meshing line. Set the rotation angular displacement of each gear is , respectively, ( = , , , 1, 2, 3, 4). According to the newly defined generalized coordinates, the rotation freedom of sun gear is converted to microdisplacement , = ( is the radius of the base circle of the sun gear) which is in the direction of the planetary gear meshing line. Similarly, the rotation freedom of planetary gear is converted to microdisplacement = , also in the direction of meshing line, and so on. The analysis of elastic deformation of each meshing force is as follows.
The elastic deformation in the direction of meshing force between the th planetary gear and the sun gear is
Its first derivative iṡ
The elastic deformation in the direction of meshing force between the th planetary gear and the internal ring gear is
The elastic deformation in the direction of meshing force between the spur gear 1 and the spur gear 2 is Its first derivative iṡ
The elastic deformation in the direction of meshing force between the spur gear 3 and the spur gear 4 is
So in the gear transmission system, the relative displacements in the direction of meshing line of all gear pairs are
Equation (10) is the vibration differential equations of the system based on Lagrange equation. Consider
where , , , represent the base circle radii of planet carrier, sun gear, planetary gear, the medium speed gear, and the high speed gear, respectively. in , out are the input torque and output torque of the system, respectively.
Mathematical Problems in Engineering
Equation (10) can be simplified as matrix form:
where represents generalized displacement vector of the system.
; , , ( ) are 9 order matrixes of mass, damp, and time varying stiffnesses; ( ) is the vector of external load caused by external input torque.
Solving of Equations.
The common approaches to solve the equations of the dynamic model of gear transmission system are analytical method and numerical simulation method. The former includes piecewise linearization method and harmonic balance method, while the latter includes Newmarkmethod and Runge-Kutta method. Unfortunately, their objects are all determined systems, thus making it impossible to solve the dynamic response of random system by directly applying these existing methods. In this paper, the random problem is converted into a determined one by sampling the random parameters in every moment.
The specific steps are as follows.
(1) Determine the elastic modulus, mass density, working tooth width, pitch circle diameter, and the distribution of comprehensive transmission error of the gear material.
(2) Divide the external excitation into portions equally, and determine each integration time step Δ based on .
(3) Assume that the rest of the parameters are determined when studying the influence of the response brought by variation of one single parameter. Sample the varying parameter at each sampling time.
(4) Obtain the dynamic response at one moment by calculating the dynamic equations with the sample results, using fixed step Runge-Kutta method.
(5) Sample the parameters of the next moment, and calculate the dynamic response at this moment.
(6) Change to another parameter, and repeat (2)- (5).
After getting the statistical characteristics of vibration displacement and vibration velocity of the system at each moment, the dynamic meshing force of each gear pair can be derived from the following equation:
in which , , and , respectively, are the meshing stiffness, damping coefficient, and relative displacement between gears and ; is the equivalent displacement of center displacement between the meshing lines of gears and ; is the comprehensive meshing error of gears and .
Analysis of System Excitations
External Excitation.
The randomness of system load is mainly caused by external wind load. The variation of external excitation of the gear transmission system is determined by the random wind velocity. In this paper, stochastic volatility (SV) model is built to obtain the random wind velocity sequence in the wind farm. Then the external excitation of the transmission system is calculated according to the theory of aerodynamic.
SV model is a method of time series analysis, which is used in research on analyzing wind velocity. The main feature of SV model is to regard volatility as an implicit variable that cannot be observed. The basic form of SV model is [12] 
where V is the amplitude of volatility; is kurtosis; ( | −1 ) is the conditional mean of V calculated from the information sampled at − 1;
is the conditional mean square deviation;
follows a normal distribution with 0 mean and 1 variance; is a constant which reflects the average volatility; is a parameter which reflects sustainability; is the mean square deviation of volatility disturbance; , follow independent normal distributions with 0 mean and 1 variance.
The random wind velocity simulated by SV model is taken as the input of the gear transmission system of wind turbine. Based on the aerodynamic theory, the input power of the transmission system is [10] 
where in is the input power of transmission system; is air density; is the sweeping area of wind turbine; is wind energy utilization factor; V is the wind velocity simulated from SV model far from wind turbines.
The external excitation of the system is the torque ripple caused by random wind velocity. The torques from the input and output sides, respectively, are
where is the angular velocity of wind turbines; is the transmission ratio of the gear transmission system.
Stiffness Excitation.
Stiffness excitation is a parametric excitation caused by the variation of meshing stiffness during the meshing process. Due to many influencing factors during machining and assembling, the size and material of the gear transmission components vary randomly, such as elastic modulus and working tooth width. In this paper, gear's stiffness is assumed to be a superposition of a sine wave and a random wave. The former is expressed by limited harmonic waves of Fourier series, and the latter is expressed by standard Mathematical Problems in Engineering 5 normal distribution function. Therefore, the comprehensive meshing stiffness of gears is as follows:
where is the average meshing stiffness of the gear pairs;
1 and 2 are the meshing stiffness of harmonic waves; is meshing frequency; 1 is stiffness fluctuation caused by the variation of elastic modulus, which follows a normal distribution.
Error Excitation.
Meshing error is a displacement excitation, which is related to the machining accuracy of the gears. The gear error and base pitch error can be expressed as a superposition of a sine wave and a random wave as follows [13] :
where and are the offset and amplitude of the gear meshing error; , , are the meshing period of the gear pair, meshing frequency, and initial phase angle; 2 is the fluctuation of comprehensive transmission error caused by machining and assembling, which is assumed to follow a normal distribution. In this paper, the gear accuracy is presumed to be grade 6, and parameters involved are based on GB/T 10095-1988 standard.
Analysis of System Dynamic Reliability
Random Fatigue Load Spectrum of Gear Transmission
System. Load-time history of each gear pair can be obtained by the dynamic gear transmission model built before. Then to analyze the fatigue reliability of the system, the loadtime history is converted into a series of complete cycles. The main converting methods are peak counting method, cycle counting method, rain flow counting method, and so forth.
In this paper, we count the dynamic meshing force of each gear pair circularly according to the rain flow counting principle [14] [15] [16] in order to obtain the frequency of luffing fatigue load. As is shown in Figure 5 , the mean stress of the gear pairs follows a normal distribution approximately, and the amplitude of the stress follows Weibull distribution approximately.
In order to analyze the fatigue life of the transmission system, the equivalent amplitude and frequency of the system stress are obtained by using equivalent method of Geber quadratic curve. The Geber quadratic curve formula is [17] 
where is the amplitude of stress after the conversion; is the mean stress of -curve of the given material; eqv is the equivalent stress corresponding to eqv with equal lifetime.
Dynamic Reliability Model of Gear Transmission
Components and System. Fatigue failure of the components is caused by the accumulation of material internal damage. As the number of stress cycles increases, the material internal damage exacerbates and the structural life decreases. Theory of probability fatigue damage is based on the fatigue damage evolution, which demonstrates the irreversibility and the randomness of fatigue damage. The main reason of the randomness of fatigue damage lies in the characteristics of the material, the geometric dimensions of the test pieces, and the uncertainty of external load.
The decay rate of the material ultimate stress generally follows distribution as [18] [19] [20] 
where max is the maximin cyclic stress; is the cycle frequency; is cyclic stress ratio; is a constant.
The remaining ultimate stress of the component material after cycles is
where ( ) is the remaining ultimate stress after cycles; 0 is the ultimate stress when materials are in good condition; is the number of ultimate cycles. The damage index of component under the level luffing cyclic stress after cycles is
where ( ) and ( −1 ) are the remaining ultimate stress under the level and level − 1 stress; max is the maximum stress of level stress cycles. Suppose ( ) ( = 1, 2, . . . , ) are independent random variables from each other. = ( 1 , 2 , . . . , ), which are means of ( 1 ), ( 2 ), . . . , ( ) in (6), respectively, are expanded into the Taylor series. Then the approximate mean Δ and standard deviation Δ of the damage index Δ are obtained by choosing the linear terms from the Taylor expansion. Consider
6 Mathematical Problems in Engineering In engineering application, random index of fatigue cumulative damage is supposed to follow a lognormal distribution. That makes the distribution of be
where is the logarithmic mean of cumulative damage ; is the logarithmic mean square deviation of . Based on the theory of probability fatigue cumulative damage, the structural dynamic reliability of one moment is
where 0 is the limit of damage index. According to Figure 1 , in the gear transmission system, the gears are connected in series; thus the whole system will fail if one of the gears fails. In other words, the system reliability is based on the reliability of each gear. Therefore, the reliability model gear transmission system is as follows:
where is the number of planetary gears; is the number of medium speed level and high speed level gears.
Calculation of System Dynamic Reliability.
The reliability of the gear transmission system is calculated using Matlab software. Based on the analysis before, the steps of the program are as follows.
(1) Take the random input torque of the gear transmission system as the extern excitation. Get the dynamic meshing force and its statistic characteristics by using the numerical integration method.
(2) Process the data of meshing force by rain flow counting method. Then calculate the equivalent stress amplitude and frequency by using equivalent method of Geber quadratic curve. (5) Calculate the structural limit value of fatigue damage.
(6) By giving a random cumulative damage index, apply the equation of dynamic reliability to calculate the reliability of each gear when the tooth surface reaches the contact fatigue limit and the tooth root reaches the bending fatigue limit.
(7) Calculate the dynamic reliability of the gear transmission system using (25).
Analysis of Examples
The study object of the example research is the gear transmission system of a 1.5 MW wind turbine. Here are some parameters used in this research: the rated power of the wind turbine is 1.5 MW; the impeller diameter is 70 m; the designed impeller speed is 14.8 r/min; average wind speed of the wind farm is 14.3 m/s; wind density is 1.21 kg/m 3 ; wind energy utilization factor is 0.32; system transmission ratio is 94.53. Suppose the strength of the material and the coefficient of performance both follow a normal distribution, while other parameters are constant. Suppose the material of planetary gear is 40 Cr and the material of medium-level speed and high-level speed gear is 20 CrMnTi. Other parameters of the system are shown in Table 1 .
By solving the dynamic equation (10) of the system, vibration displacement and vibration velocity of the gears at each moment are obtained, as well as their statistical characteristics. By solving (11) , the meshing forces of each gear are obtained. Figure 3 shows the curve of mean dynamic meshing force of medium-level speed gears. Figure 4 shows the luffing load spectrum of medium-level speed gears based on the theory of rain flow counting method.
We define the ratio of the mean square error and the mean of the system parameters as their variation coefficient. Figures  5-7 show the variation of system dynamic reliability over time with the variation coefficient being 0, 0.1, and 0.3, respectively. As is demonstrated in Figure 5 , the comprehensive transmission error has the greatest influence on the system reliability, followed by the elastic modulus of gear material , contact tooth width , and pitch circle diameter 0 . Mass density has the least influence. By comparing Figures 6 and 7 , we can also learn that, with the variation of random parameters increases, the system gets more reliable. Table 2 shows the dynamic reliability of each component in the transmission system as the comprehensive transmission error and mass density vary randomly, when = 6.3 × 10 8 s. The table also shows that when the comprehensive transmission error and mass density are 0, 0.1, and 0.3, respectively, in the whole transmission system, planetary gear system has the highest dynamic reliability, followed by the medium speed level gears, while high speed level gear is the least reliable. In the planetary gear system, internal gears have the highest reliability, followed by the planetary gear, while the sun gear is the least reliable. In the medium and high speed level gears, large gears are more dynamicreliable than the small ones. The dynamic reliability of the gear transmission system reduces, and the dispersion degree of the system increases with the increase of the parameters' variation.
We obtained the statistical properties of the dynamic reliability of the high speed level gears through 20000 simulations when = 6.3 × 10 8 s, using Monte Carlo method, and compared the results with this paper, as is shown in Table 3 . The method proposed in this paper is more accurate than Monte Carlo method.
Conclusions
In this paper, the dynamic reliability of the gear transmission system of a 1.5 MW wind turbine, with consideration of randomness of load and system parameters, is analyzed by applying the theory of probability of cumulative fatigue damage. The main contributions and conclusions of this paper are the following.
(1) The dynamic model of the gear transmission of wind turbine is built. In consideration of the randomness of the load and gear parameters, the dynamic response of the system is obtained by utilizing the random sampling method and Runge-Kutta method. The statistical properties of the meshing force of components in the gear transmission system are obtained by statistic method.
(2) By applying the method of rain flow counting, the time history of the components meshing force is converted into a series of luffing load spectra, and the equivalent stress amplitude and frequency are calculated according to the equivalent method of Geber quadratic curve.
(3) The dynamic reliability model of the transmission system and gear components are built according to the principle of probability fatigue damage cumulative. Variation of the system reliability over time is calculated when the parameters vary, and the effect of the parameter variation to the system reliability is analyzed. Results show that (i) the comprehensive transmission error has the largest influence on system dynamic reliability, while the mass density has the least influence; (ii) the dynamic reliability of the gear transmission system reduces, and the dispersion degree increases, with the increase of the variation of the parameters; (iii) for the gear transmission system of the 1.5 MW wind turbine, planetary gear system has the highest dynamic reliability, followed by the medium speed level gears, while high speed level gear is the least reliable. At the same time, in the planetary gear system, internal gears have the highest reliability, followed by the planetary gear, while the sun gear is the least reliable. In the medium and high speed level gears, large gears are more dynamic-reliable than the small ones.
